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CHARGE RECOMBINATION ON WATEZ? DROPLETS I N  A PLASMA* 1 

By John S. Evans 
Langley Research Center 

A simple model i s  proposed t o  explain the r e l i e f  of radio blackout observed 
upon in jec t ing  water i n to  t h e  plasma layer  surrounding t h e  RAM B2 vehicle during 
f l i g h t .  The bas i s  of t he  model i s  recombination of ions and electrons on the  
surfaces of water droplets .  A t  a l t i t udes  typ ica l  of m a x i m u m  blackout, the  prin- 
c i p a l  parameters which control t he  effectiveness of t h e  water-injection tech- 
nique f o r  s igna l  recovery a re  found t o  be drop s ize ,  r a t i o  of mass flow of water 
t o  mass flow of gas i n  t h e  water-gas mixture, and flow time of drops from injec-  
t i o n  point t o  antenna. 
sprays, and electron concentration decreases approximately exponentially with 
dis tance from t h e  in jec t ion  point.  
during in jec t ion  from side nozzles on the  RAM B2 f l i g h t  should have required 
smaller in jec t ion  rates as a l t i t u d e  increased. 
t he  observed rates. 
experimental resu l t s ,  on t h e  bas i s  of an assumed uniform drop s i z e ,  i s  i n  t h e  
range of t o  10-5 meters. 

Fine sprays a re  shown t o  be more e f fec t ive  than coarse 

The theory predic t s  t h a t  VHF s igna l  recovery 

This conclusion i s  borne out by 
The drop radius required t o  cor re la te  t he  theo re t i ca l  and 

INTRODUCTION 

The RAM B2 (Radio Attenuation Measurement) f l i g h t  experiment ( r e f .  1) has 
demonstrated t h a t  r e l i e f  of radio blackout during reentry can be achieved by 
in j ec t ing  water i n t o  the  ionized a i r  f l o w .  Similar e f f e c t s  have been demon- 
s t r a t e d  i n  t h e  laboratory ( r e f s .  2 and 3 ) ,  and it has been shown t h a t  mater ia ls  
other  than water may be used. For example, experimental r e s u l t s  on Freon were 
reported i n  reference 2, and a theo re t i ca l  evaluation of carbon te t rachlor ide  
was reported i n  reference 4. 

I n  t h e  f l i g h t  experiment, VHF s igna l  attenuation w a s  reduced when water 
w a s  in jec ted  e i t h e r  from t h e  stagnation point of a spherical ly  blunted slender 
cone or from t h e  surface of t h e  cone. Stagnation-point in jec t ion  i s  not d i s -  
cussed i n  t h i s  paper, except t h a t  it i s  noted t h a t  t he  experiment showed 
stagnation-point in jec t ion  t o  be more effective than s ide  in jec t ion  on the  
RAM B2 f l i g h t .  On a small-nosed vehicle l ike  RAM B2, stagnation-point injec- 
t i o n  probably in te r fe res  with the  electron-forming processes, e i t h e r  by cooling 
t h e  equilibrium plasma i n  the  nose region or  by changing the  shape of t h e  shock 
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wave i n  f ront  of t he  nose from a rounded t o  a pointed confi.g~irat.ion l i k e  the  
shock wave produced by a pointed cone. 

For s ide inject ion,  at the  speeds and a l t i t u d e s  corresponding t o  VHF black- 
out, the  plasma over the  RAM B2 vehicle was a nonequilibrium plasma i n  which 
electron concentration w a s  l a rge r  than the  l o c a l  equilibrium value. Additional 
cooling of such a nonequilibrium plasma does not reduce electron concentration. 
Instead, one must look f o r  ways i n  which the  presence of water i n  the  plasma 
could e i the r  enhance recombination of e lectrons with ions o r  cause attachment 
of e lectrons t o  molecules o r  atoms present i n  t h e  flow. Since no attachment of 
e lectrons t o  molecules o r  recombination process involving molecules o r  atoms w a s  
found which appeared t o  be capable of producing t h e  observed la rge  reductions 
i n  e lectron concentration, a t t en t ion  w a s  turned t o  t h e  poss ib i l i t y  t h a t  t he  
e f f ec t  might be produced by t h e  presence of water i n  the  form of droplets .  

Most previous treatments of t h e  e f f ec t  of mater ia l  pa r t i c l e s  on gas-phase 
ionization have been l imited t o  consideration of plasmas i n  thermodynamic equi- 
librium. Under t h i s  condition, t h e  concentration of f r ee  
e lectrons i s  determined by de ta i led  balancing; thus, t h e  e f f ec t  on electron 
concentration of adding material pa r t i c l e s  t o  an equilibrium plasma i s  t o  s h i f t  
t o  a new equilibrium concentration, which may be e i t h e r  grea te r  o r  l e s s  than 
t h e  or ig ina l  one. 

(See refs .  5 t o  11.) 

A few papers ( r e f s .  12  t o  15) have considered the  e f f e c t s  of adding so l id  
pa r t i c l e s  t o  nonequilibrium plasma. 
nonequilibrium plasma has much i n  common with these papers, but t he  theory has 
been developed along somewhat d i f f e ren t  l i n e s  because of t h e  intended applica- 
t i o n  and because of cer ta in  differences i n  behavior of l i qu id  drops and so l id  
pa r t i c l e s .  For example, thermionic emission has been neglected, even though it 
i s  very important i n  the  treatment of so l id  p a r t i c l e s  i n  plasmas. The e f f ec t  
of a difference i n  flow speed between p a r t i c l e s  and plasma i s  accounted f o r  i n  
the  present theory but w a s  not included i n  references 12  t o  15. 

The present treatment of water droplets  i n  

The present paper gives a theo re t i ca l  analysis  of t he  drop-charging process 
and of the  recombination of e lectrons and ions on drops. 
e lectrons and ions i s  assumed t o  be la rge  compared with t h e  dimensions of t h e  
pa r t i c l e s .  The r e s u l t s  of t he  analysis  are compared with t h e  r e s u l t s  obtained 
from t h e  RAM B2 f l i g h t  experiment i n  order t o  determine whether t h e  proposed 
mechanism of recombination on water drops can explain t h e  observed e f f ec t s .  

The mean free path of 

SYMBOLS 

The analysis  presented herein i s  given i n  t h e  In te rna t iona l  System of Units 
(S I ) .  
i n  both S I  and U.S. Customary Units. 

When the  theory is  applied t o  t h e  RAM B2 f l i g h t ,  t h e  r e s u l t s  a r e  given 

A cross-sectional a rea  of stream tube, m2 

m 2 2  speed parameter, - where m = me o r  m i ,  sec m' 2kT a 
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Be speed parameter, (+TI2 , dimensionless 
ae 

1 be speed parameter, (u;)~ + (u;)~, rn2ser2 

concentration (number per unit volume), m-3 

speed parameter, m2seC2 
~ de 

l e magnitude of electron charge, 1.6 x 10e19 coulomb 

erf (x) error hnction, 2 kx exp (-y2)dy, dimensionless 
I fl 

~ F cross-section parameter (see appendix A), dimensionless 

I f transmission frequency, Hz 

' ge normalized speed distribution function, dimensionless 
I 

I K  cross-section parameter, dimensionless 

k 

L cross-section parameter, dimensionless 

M 

Boltzmann's constant, 1.38 x 10-23 joule deg'l 

rate of water injection, kg sec-l 

ratio of mass flow of water to mass flow of gas with which it mixes, 
dimensionless 

me 

mi 

n number of electron charges on drop, dimensionless 

mass of electron, 9.1 x 10-31 kg 

mass of typical ion, 5.0 x lo-% kg , n* 
total number of electrons drop has removed from plasma, dimensionless 

I P pressure, N/m2 

Q collision cross section, m2 

3 
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U 

U 

VP 

V 

U 

P 

A 

6 

6* 

Y 

EO 

0 

A 

h 

4 

minimum drop radius f o r  mechanical s t a b i l i t y ,  m 

drop radius, E 

temperature, OK 

time, sec 

speed ra t io ,  ,, where u = Ue o r  iii, dimensionless u; - -  
U 

speed, m sec- l  

mean thermal speed of electrons, , m sec- l  

mean thermal speed of ions, (8kT - TI2 , m sec -1 
f l m i  

po t en t i a l  of drop surface r e l a t i v e  t o  plasma, vol t  

speed ra t io ,  dimensionless 
U” Q 

work, joule 

Cartesian coordinates 

dis tances  along X, Y, and Z axes 

drop accelerat ion,  m sec-2 

f a c t o r  by which ce changes between x3 and x4, dimensionless 

exponential decay constant, m 

dis tance from in j ec t ion  point  t o  antenna, m 

exponential decay distance, 

surface tension of water, newton m - 1  

6 - x4, m 

permi t t iv i ty  of f r e e  space, 8.8 x 

angle coordinate, radian 

mass-flow parameter, cpu’;pi, sec-1 

fa rad  m - l  

mean f r e e  path, m - 
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Debye length, @(E) 112 , m 

m, P m a s s  ra t io ,  

fj angle coordinate, 

P density, kg m-3 

densi ty  of water, 4.r 

CI charge parameter, 

, dimensionless 

radian 

2 e 
471~ .rkT' 

dimensionless 

7 re laxat ion t i m e ,  sec 

denotes e i t h e r  Te o r  ~i when T~ = ~ i ,  sec * 
7 

Sub s c r i p t  s : 

C denotes c r i t i c a l  e lectron concentration f o r  plasma resonance 

d denotes cross sect ion f o r  contact co l l i s ion  between drop and ion o r  
e lectron 

e e lectron 

i ion  

g gas 

m denotes maximum value of n f o r  mechanically stable drop 

P p a r t i c l e  ( i n  t h i s  paper, pa r t i c l e s  a r e  water droplets)  

S denotes value a t  surface of vehicle 

t denotes t o t a l  annular cross-sectional a rea  of gas flow i n  shock layer  

0 n = O  

1 n = peak value 

2 
eo) n = peak value f o r  n c << c ( 1 P  

3 denotes value a t  point water is  injected i n t o  flow 

5 
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4 denotes value a t  point where drop speed becomes equal t o  gas speed 

~ Assumptions 

5 denotes value a t  point where radio transmission i s  desired 

A dot over a symbol ( f o r  example, 6 )  s ign i f i e s  d i f f e ren t i a t ion  with 
respect t o  t i m e .  
measured i n  a coordinate system i n  which the  drops a re  a t  rest. 
quant i t ies  a re  referred t o  a system a t  r e s t  r e l a t ive  t o  the  vehicle surface.  
Unprimed symbols are referred t o  a system i n  which the  plasma i s  a t  rest. 
appendix A . )  
n i f i e s  that  it has been averaged over t he  appropriate d i s t r ibu t ion  of speeds. 

A prime on a symbol ( f o r  example, u t )  s i g n i f i e s  t h a t  it i s  
Double primed 

(See 
A bar  over a symbol ( f o r  example, ii) or  a group of symbols sig- 

The hypothesis i s  advanced t h a t  water droplets,  when present i n  an ionized 
gas, can a c t  as centers f o r  charge recombination. The following conditions a re  
chosen as t h e  bas i s  f o r  discussion of t he  hypothesis: 

(1) The drops are a l l  t h e  same s i ze  and are deposited uniformly i n  the  flow 
a t  the  inject ion s i t e  with zero i n i t i a l  speed 

( 2 )  The drop s i z e  does not change with time 

( 3 )  The plasma density and temperature a r e  not changed by water in jec t ion  

(4 )  The drops accelerate  uniformly u n t i l  they move a t  the  same speed as 
the  gas 

( 5 )  The two-phase flow of drops and gas i s  t r ea t ed  as a one-dimensional 
flow 

( 6 )  Thermionic and secondary emission of e lectrons from t h e  drops i s  
absent 

(7) A l l  ions have the  charge 

(8) Every electron which reaches t h e  surface of a drop i s  absorbed 

(9)  Every ion which reaches t h e  surface of a drop i s  neutral ized 

(10) A l l  t h e  gas par t ic les ,  including t h e  electrons,  have Maxwellian 

+e 

veloci ty  d is t r ibu t ions  corresponding t o  t h e  t r ans l a t iona l  temperature of t h e  
gas 

(11) The mean f r e e  paths of e lectrons and ions i n  the  gas are l a rge  com- 
pared with the  diameter of t h e  drops 

6 - .* 
~~ 
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(12) The ef fec t ive  
l i n e a r  function of drop 

cross sect ion of t h e  drops f o r  recombination i s  a 
speed. 

Development of Rate Equations 

The following sketch i s  useful  f o r  considering what happens t o  a drop a t  
rest as it i s  bombarded by electrons and ions. If the  drop has no charge it 
w i l l  be struck more of ten by electrons 
than by ions because electrons have 
higher mobility than ions. Conse- -e 
quently, a net  charge -ne w i l l  accu- 
mulate on t h e  drop, where n i s  a 
pos i t ive  in teger  and -e i s  t h e  elec- 
t ron ic  charge. The asymptotic value -ne 
of n i s  determined by dynamic balance 
between the  capture r a t e s  f o r  e lectrons 
and ions.  The capture cross sect ion 
f o r  e lectrons decreases with n and 
t h e  capture cross sect ion f o r  ions 
increases with n u n t i l  t he  two cap- 
t u r e  r a t e s  are equal. 

For a plasma at  constant density, 
these ideas are expressed i n  mathemat- 
i c a l  form as follows: 

Sketch (a)  

- 
where u'&d is  t h e  velocity-averaged specif ic  rate f o r  contact co l l i s ions  of 

e lectrons o r  ions with water droplets .  
a r e  evaluated i n  appendix A and are 

These contact co l l i s ion  spec i f ic  rates 

U '  

U e  u i  
where Fe and F i  a r e  functions of Ue - - 2 and U i  = -8, respectively.  The 

F fac to r s  are p lo t ted  against  Ue and U i  i n  f igure  1. 

It i s  worthwhile t o  note t h a t  nu c a n b e  expressed as - - where Vp kT ' 
i s  t h e  po ten t i a l  of t h e  drop surface re la t ive  t o  the  plasma. The value t h a t  - 7 
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Vp takes i s  determined by t h e  balance achieved between electron and ion col- 
l ec t ion  ra tes .  

- 
When the  expressions f o r  u'&d are subst i tuted i n t o  equations (1) and ( 2 ) ,  

t h e  r e su l t s  a re  

( A s  indicated i n  appendix A, t he  value of L i  i n  equation (4)  must be set 
equal t o  zero  if h D  << r .)  

The drop-charging process i s  analyzed i n  appendix B. There it i s  shown 
t h a t  t h e  charge on a drop r i s e s  quickly upon entry i n t o  a plasma t o  a value 
-rile, as given by solution of t h e  equation 

(1 - 2). exp(-nlu) = K i  + Linla ( 5 )  

When nl% << ceO, equation ( 5 )  becomes 

where n2 i s  used t o  designate the  value of n l  f o r  t h i s  condition. 

The d i f f e r e n t i a l  equations used f o r  analysis  of t he  charging process a l s o  
The form reveal  the nature of the  subsequent decay of e lectron concentration. 

of these equations which apply t o  t h e  RAM B2 experiment i s  designated as case I 
i n  appendix B. For case I, equations ( 3 )  and ( 4 )  can be wr i t ten  as 

7*6, + ce = 0 (7 )  

where 
ion concentrations. 

T* i s  the  cha rac t e r i s t i c  decay t i m e  f o r  t h e  decrease i n  e lectron and 

The value of I+ i s  given by t h e  equations 

8 
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UNCLASSIFIED - 
DERIVATION OF WORKING EQUATIONS 

The decrease of Ce 
t i o n  of equation (7) where the  relaxation t i m e  
equation (9) .  For constant +, equation (7) has t h e  solution 

along a stream tube i n  the  flow i s  given by the  s o h -  
+ has t h e  value given by 

The relaxat ion t i m e  i s  not constant, however, u n t i l  
of t he  dependence of K i  + Lina on u i  and t h e  var ia t ion  of cp with u i .  

u i  approaches zero because 

Consider t h e  charge-conservation equation i n  a one-dimensional stream tube 

U&A + AII* = Constant 

where A = cp$A = Constant, and 
t rons  which a drop has removed from t h e  plasma during i t s  residence there .  
(This charge-conservation equation is  invalid f o r  u i  = 0 
ized i f  drops with u i  < 0 are present . )  

n* i s  defined as the  t o t a l  number of elec- 

and m u s t  be general- 

I n  the  steady s ta te ,  t he  relat ionship between t h e  s p a t i a l  der iva t ives  of 
t h e  terms i n  t h e  preceding equation i s  

The time r a t e  of change of u;c& along a drop path i s  

ee dn* - = - - a t  cp, thus, Equation (7) can be used t o  evaluate 

dx 
= - h r % i F i  - 

uiceA uguiA 

d (U;I;CeA) 

which has t h e  solut ion a t  a general  point x 2 x3 = 0 

U NCLASS I FI ED 



If the gas dynamics and thermodynamics of t he  in j ec t ion  and mixing process 
can be specified,  t h i s  equation can be solved by numerical i rkegra t ion  on ar, 
e lec t ronic  da t a  processing machine. When t h i s  i s  done, it i s  advantageous t o  
remove some of t h e  r e s t r i c t i o n s  placed on t h e  problem i n  t h i s  paper. For 
example, t h e  e f f e c t  of  evaporation on drop s i z e  can be included. However, i n  
order t o  gain ins ight  i n t o  the  nature of the  problem, equation (10) has been 
solved by approximate ana ly t i ca l  methods. 
dynamics and thermodynamics i s  given i n  appendix C .  

The approximate treatment of t h e  gas  

I n  order t o  evaluate t h e  i n t e g r a l  i n  equation (lo), t h e  following l i n e a r  
expression i s  used for Fi: 

i s  t h e  value of Fi a t  t h e  in j ec t ion  point  and Fi4 i s  t h e  value 

$4. From f igu re  1, it can be seen t h a t  i f  AD << r ( t h a t  

where 

of Fi when u; = 

is, L i  = 0), Fi3 = K i 3  and Fi4 = 1. If AD >> r, Fi3  = ( K i  + Lina) and 

Fi4 = 4.87 ( f o r  p = 235). 

Fi3 

3 

Subst i tut ing t h e  l i n e a r  approximation f o r  Fi i n t o  equation (10) and 
noting tha t  constant density implies t h a t  uI'A = ut '  

g g3*3 

- -  
e3 C 

I n  order t o  use equation (ll), it i s  necessary t o  e s t ab l i sh  a re la t ionship  
between x and t (where t i s  t h e  time required f o r  a drop t o  move from t h e  
in j ec t ion  point  t o  t h e  point x )  by assuming ( see  appendix C )  t h a t  t h e  drops 
undergo constant acceleration from rest between ( t h e  in j ec t ion  point  ) and 

x4 Over t h e  remaining 
dis tance t o  t h e  point  
speeds are  both equal t o  t h e  constant value 

and distance r e l a t ions  corresponding t o  t h e  constant-acceleration assumption 
a r e  

x3 

x5, where an antenna might be located, t h e  drop and gas 
The accelerat ion,  veloci ty ,  

( t h e  point a t  which drop and gas  speeds a r e  equal) .  

u&. 

(0 -5 x 5 x4) 

(0 s x 5 x4) 

10 
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* U N CLASg F I E D 
The reduction i n  e lectron concentration achieved a t  x can be expressed 5 

as 

where 

(6* 1 0) (12) 

6 * = x5 - x4 J 
The parameters p and A a re  p lo t ted  as functions of r and M* i n  

Since there  i s  a secondary dependence on plasma properties,  

6" < 0, which corresponds t o  the  

f igu res  2 t o  4. 
p l o t s  a r e  given f o r  two points on the  RAM B2 f l i g h t  t ra jec tory .  
noted t h a t  equation (12) does not hold f o r  
downstream point of i n t e re s t  being so close t o  the  in jec t ion  point t h a t  
x5 < x4. 
f igures  . 

It should be  

The region where 6* < 0 f o r  t h e  RAM B2 f l i g h t  i s  indicated i n  t h e  

A reasonable c r i t e r ion  t o  ensure t h a t  radio s ignals  w i l l  be transmitted 
without a t tenuat ion through the  plasma at  the downstream point of i n t e r e s t  i s  

resonance at  t h e  transmission frequency f and i s  expressed by 
obtained by requiring t h a t  ce5 - - cec, t h e  c r i t i c a l  frequency f o r  plasma 

- f 2  
C e 5  - Cec = - 

80.53 

From equation (l3), t he  value of A required t o  reduce Ce t o  Cec at 
t h e  RAM B2 V" s l o t  antenna i s  

(6* 2 0 )  (14) 

The values of & obtained from equation (14) a re  shown i n  f igures  3 and 4 .  

The reduction of e lectron concentration as a function of distance i s  shown 
i n  figures 5 and 6. Both f igure 2 and f igures  5 and 6 show t h a t  a "law of - 11 
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diminishing returns" appl ies  as increasing amounts of water are injected i n t o  
the  flow. 

Figure 7 shows the  values of required t o  achieve values of ce/ce3 
Ce i n  t h e  range 10-3 6 5 1 at  two a l t i t udes .  These curves were obtained by  

solving equation (12) as an equation i n  
before reaching the  antenna, 

e3 
fl. If t h e  drops a re  f u l l y  accelerated 

If the drops a re  not f u l l y  accelerated before reaching the  antenna, 

The meaning of the  subscript  s on the  experimental range of M* i n  f i g -  
ure 7 i s  explained i n  the  next section. 

APPLICATION OF ANALYSIS TO RAM B2 FLIGHT DATA 

The f l i g h t  measurements most su i tab le  f o r  comparison with r e s u l t s  cal-  
culated from the  preceding theory are those associated w i t h  recovery of t h e  
s igna l  transmitted from a s l o t  antenna located on the  conical port ion of the 
vehicle.  The leading edge of t h i s  antenna was about 0.5 meter d i r e c t l y  down- 
stream from one of t he  two s ide- inject ion areas .  These s ide- inject ion areas 
were on opposite s ides  of t he  vehicle, were about 0.13 meter from t h e  nose, and 
each area contained 98 o r i f i ce s  f o r  i n j ec t ing  l i qu id  water i n  t h e  d i r ec t ion  
perpendicular t o  the  gas flow. The water w a s  in jec ted  i n  short  burs t s  during 
the  data-taking period and t h e  in jec t ion  r a t e  was varied i n  d i sc re t e  s teps  by 
act ivat ing various combinations of t h e  nozzles. More d e t a i l s  about t h e  experi- 
ment and the r e su l t s  obtained can be found i n  reference 1. 

Figure 8 shows the  calculated var ia t ion  of Mg with a l t i t u d e  during the  
f l i g h t ,  where 

* M 

Ms = (p g3 ut '  g 3  ) s%3 

The fac tor  M 
i n j ec t ion  areas.  The fac tor  At3 i s  t h e  annular cross-sectional area of the  

shock layer at t h e  in jec t ion  s i t e .  

i s  the  mass of water in jec ted  per  u n i t  time from both side- 

It i s  assumed t h a t  t he  water drops from 

12  -- 
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one s ide were d is t r ibu ted  uniformly over one-half of t h e  area 
t h e  other  half  of t he  area 
The subscript  s on M)c and p u”  indicates t h a t  these quant i t ies  have 

values calculated f o r  a streamline lying near t h e  vehicle surface.  Calculation 
of t he  charge recombination along these streamlines should be appropriate f o r  
comparison with s igna l  recovery data  because t h e  l a rges t  values of e lectron con- 
centrat ion i n  t h e  shock layer  a r e  found close t o  t h e  surface.  

(17,500 f t  sec-l);  t he  two a l t i t udes  were 4.78 x ldc m (157,000 f t )  and 
6.40 x lo4 m (210,000 f t ) .  Table I l is ts  the parameters needed f o r  t h e  

A t 3  and t h a t  

A t 3  was f i l l e d  by in jec t ion  from the  other  s ide.  

g3 g3 

I , 
I 
I comparisons: 

The vehicle speed a t  both of t h e  t ra jec tory  points  used was 5340 m see‘’ 

I TABLE I 

PARAMETERS FOR CALCULATING CHARGE RECOMBINATION EFFECT OF 

WATER I N J E C T I O N  DURING RAM B2 FLIGHT 

I General parameters: . . . . . . . . . . . . . . .  PW’ kg m-3 ( l b  ft-3) 1000 (62 .5)  
p . . . . . . . . . . . . . . . . . . . . . . . .  235 
6,  m (f t)  . . . . . . . . . . . . . . . . . . . .  0.5 (1.64) 

A t 3 ,  m2 ( f t 2 )  0.0214 (0.2303) 
f ,  Hz or  cps . . . . . . . . . . . . . . . . .  2.44 x 108 . . . . . . . . . . . . . . . . . .  

Parameters f o r  an a l t i t u d e  of 4.78 x l o4  m (137,000 ft): 
kg-m-3 (slug-ft3) . . . . . . . . .  3 .IO x 10-6 (1 10-4) Pg3) s )  

(ug3>., m sec- l  ( f t  sec-1) 3040 ( 9974 1 

m - 3  (ft-3) . . . . . . . . . . . . .  8 x 1 0 ~ 7  (2.27 x 1016) 

. . . . . . . . . . .  
T3, O K . .  . . . . . . . . . . . . . . . . . . .  2600 

- 
‘eo - ‘e3~ 

Parameters f o r  an a l t i t u d e  of 6.40 x 1 0  4 m (210,000 ft): 

kg m-3 (slug-ft3) . . . . . . . . .  4.66 x 10-7 (1.5 x 10-5) Pg3> s )  

K 3 )  s’ m sec- l  ( f t  sec-1) . . . . . . . . . . .  3300 ( 10,827) 

T3, O K .  . . . . . . . . . . . . . . . . . . . .  3000 
ceO - - ~ e 3 ,  rn-3 (ft-3) . . . . . . . . . . . . .  8 x 1 0 ~ 7  (2.27 x 

Figure 8 shows t h a t  a t  an a l t i t ude  of 4.78 x lo4 m (157,000 f t ) ,  ME ranged 
from 0.8 f o r  t h e  smallest in jec t ion  rate t o  4.9 f o r  t he  l a rges t  in jec t ion  ra te .  
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1.602 
1.052 

.920 

.803 
,768 
-715 
.682 

A t  an a l t i tude  of 6.40 x lo4 m (210,000 f t ) ,  t he  range of 
t o  22.3. Figure 8 alsc shows t h e  approximate values of I$ f o r  which complete 
s igna l  recovery was achieved. 

@ w a s  from 3.6 

0.728 
.478 
.418 
.365 
.349 
-325 
.310 

Reduction of c, t o  cec i s  a reasonable c r i t e r ion  f o r  reducing t o  
negligible magnitude t h e  d i r ec t  a t tenuat ion of propagated radio waves by a 
plasma. For t h e  RAM B2 VHF antenna, t h i s  c r i t e r ion  means t h a t  ~eP.3 should 

be reduced t o  10-3 i n  the  distance 

received a t  Coquina Beach from t h i s  antenna reveal t h a t  f o r  s ide in jec t ion  the  
s igna l  showed some recovery a t  the  smallest in jec t ion  rates used and appeared 
t o  achieve complete recovery at about t h e  t h i r d  o r  fourth l e v e l  out of t he  seven 
l eve l s  used i n  each pulse. (See f ig .  9 . )  Complete recovery i s  defined here as 
t h e  point a t  which adding water a t  a faster r a t e  had l i t t l e  o r  no e f f ec t  on 
received s igna l  strength.  (For nose inject ion,  even t h e  smallest in jec t ion  
r a t e s  used gave complete recovery i n  the  sense defined here.)  The maximum and 
minimum inject ion r a t e s  f o r  s ide in jec t ion  and those corresponding t o  observed 
complete s igna l  recovery a re  summarized i n  t ab le  11. 

x5 = 0.5 meter. Examination of t he  records 

TABLE I1 

SIDE I N J E C T I O N  RATES DURING FLIGHT OF RAM B2 

Injec- 
t i o n  

Alti tude range I Inject ion rate 
I 

Complete 
recovery I 'eve1 1 

f t  
I I I 

45.57 t o  46.18 149,500 t o  151,500 (*) 
48.16 to 49.23 158,000 t o  161,500 0.178 
51.51 t o  52.73 169,000 t o  173,000 .156 
55.11 t o  56.33 180,800 t o  184,800 .145 
58.52 t o  59.68 192,000 t o  195,800 .123 

#61.69 t o  62.64 202,400 t o  205,500 .128 
i 64.37 t o  65.23 211,200 t o  214,000 .054 

I 

see I sec I sec 

(*I 0.770 0.350 
1.081 .682 .310 
.071 .550 .250 

.uj6 .363 .165 

.058 .363 .165 

.119 .407 .185 

.066 .462 . 2 1 O  

Level 7 

LpL sec sec 

*Injection began at l e v e l  3. 

The experimental in jec t ion  rates and t h e  rates corresponding t o  complete 
s igna l  recovery are p lo t ted  against  a l t i t u d e  i n  f igure  9, and curves showing 

t h e  calculated r a t e s  t o  achieve complete recovery 

included. 

14 



RESULTS AND DISCUSSION 

The comparison of t heo re t i ca l  and experimental r e s u l t s  has been presented 
i n  d i f f e ren t  ways i n  f igures  7, 8, and 9. 
should be remembered t h a t  t he  s i ze  of t h e  water droplets  and t h e i r  d i s t r ibu t ion  
i n  the  flow f i e l d  i s  not known. I n  the  theory, t h e  drops are assumed t o  be 
uniform i n  s i z e  and uniformly d is t r ibu ted  over any cross sect ion of t he  flow 
f i e l d  perpendicular t o  the  flow direct ion.  However, t he  mass flow of a i r  
through d i f f e ren t  p a r t s  of these flow-field cross sections i s  not uniform, and 
the  smallest mass flows of a i r  are those near t h e  body surface. 

In examining these figures,  it 

The true nature of t h e  water breakup and mixing process i s  an important 
pa r t  of t he  problem and deserves careful  study. 
which were a pa r t  of t he  design s tudies  made f o r  t h e  RAM project  are reported 
i n  reference 16. Liquid- j e t  breakup and drop-size d i s t r ibu t ion  are discussed 
i n  references 17 t o  20. 

Spray penetration experiments 

A s  w a s  mentioned ea r l i e r ,  more accurate solutions of equation (10) can be 
Figures 10  and 11 present comparisons of t h e  obtained by machine integration. 

r e s u l t s  calculated from the  approximate ana ly t ica l  theory with machine-computed 
r e su l t s .  The machine program used w a s  t h a t  described i n  reference 21, a f t e r  
modification t o  compute with frozen nonequilibrium gas compositions corre- 
ponding t o  those present i n  f l i g h t  instead of computing with equilibrium gas 
composition, as described i n  reference 21. The e f f ec t s  of heat  t ransfer ,  evap- 
oration, and var iable  drag coeff ic ient  a r e  included i n  the  program. 
t i o n a l  modification added f o r  t h i s  work w a s  t h e  inclusion of 
appendix A and f i g .  1) based on l o c a l  values of U i  and r/AD. 

One addi- 
f ac to r s  ( see  F i  

It can be seen from f igure  10 t h a t  density and temperature a re  not con- 
Fortunately, s tant ,  as they were assumed t o  be i n  the  approximate solution. 

t h e  electron recombination i s  insens i t ive  t o  these parameters. The divergence 
of t h e  curves representing distance traveled by a drop i s  a more serious matter, 
since equations (12) and (13) show t h a t  t h e  calculated reduction of e lectron 
concentration var ies  exponentially with distance. 

Figure 11 shows t h e  var ia t ion  of electron concentration p lo t ted  against  
both dis tance and t i m e .  It can be seen tha t  the  assumption of constant accel- 
e ra t ion  causes the  approximate method t o  underestimate t h e  amount of reduction 
which can be achieved i n  a given distance.  
methods give nearly t h e  same r e s u l t s  except a t  
r e s u l t s  here i s  due t o  reduction of drop surface area caused by evaporation. 
This  r e s u l t  i s  borne out by f igure 12, which shows tha t ,  a t  
computed surface areas  dropped t o  50 percent of t h e i r  i n i t i a l  values. 

When p lo t ted  against  t i m e  t h e  two 
= 1. The divergence of 

$ = 105, machine- 

CONCLUSIONS 

Three conclusions can be drawn from the comparison of t heo re t i ca l  and 
experimental resu l t s :  (1) the  observed s ignal  recovery can be accounted f o r  

I^_____ 15 
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using the  theory; (2)  t he  calculated r e s u l t  t ha t ,  as a l t i t u d e  increased on t h e  
RAM B2 f l igh t ,  smaller in jec t ion  r a t e s  of water should have been required t o  
achieve complete s igna l  recovery i s  confirmed by t he  experiment; ( 3 )  the  r a d i i  
of t h e  water drops i n  the  flow, as deduced from t h e  comparison between theo- 
r e t i c a l  and experimental resu l t s ,  were of t h e  order of 10-6 t o  10-5 meter. 

The observed mounts  of water required t o  achieve complete recovery d id  
not always agree with the  second conclusion, s ince a t  a l t i t u d e s  g rea t e r  than 

l a rge r  ra ther  than smaller amounts of water required. 
f o r  t h i s  trend i s  t h a t  the  penetration of water spray i n t o  t h e  shock l aye r  may 
have been so  great  a t  high a l t i t u d e  t h a t  very l i t t l e  water w a s  deposited i n  t h e  
streamlines near t h e  surface where the  electron concentration was highest .  

6.10 x 10 4 m (200,000 f t ) ,  the  points  shown i n  f igure  9 show a t rend  toward 
A possible  explanation 

From t h e  theo re t i ca l  resu l t s ,  it can be concluded t h a t  t h e  pr inc ipa l  f l i g h t  
parameters t o  be considered are the  drop s i z e  
water t o  mass flow of gas i n  t h e  water-gas mixture 
drops from in j ec t ion  point t o  antenna 
( see  eqs. ( 3 )  and (4)), t he  pr inc ipa l  parameters can be taken t o  be drop s i z e  
r, drop concentration cp, and t i m e  t .  

r, the  r a t i o  of mass flow of 
fl, and t h e  flow time of 

From a more general  point  of view t. 

The comparison of approximate and machine-computed r e s u l t s  revealed t h a t  
t he  two methods give e s sen t i a l ly  the  same reduction of e lec t ron  concentration 
f o r  equal i n t e rva l s  of t i m e  after in j ec t ion  of drops i n t o  the  flow, except t h a t  
f o r  long time in te rva ls ,  evaporation reduces the  effect iveness  of t he  drops by 
reducing t h e i r  surface area.  The comparison of the  two r e s u l t s  on the  bas i s  of 
equal distances from the  in jec t ion  point  i s  not so favorable, because of t he  
assumption of constant drop accelerat ion used i n  the  approximate method. 
r e su l t  serves as a reminder t h a t  the  fundamental var iable  f o r  the  recombination 
process i s  t i m e  of exposure of the  drops t o  the  plasma, r a the r  than the  dis tance 
the drops have t rave led .  It a l so  shows t h a t  t he  approximate method i s  a usefu l  
subs t i tu te  f o r  machine calculat ions,  i f  ca re fu l  a t t en t ion  i s  paid t o  estab- 
l i sh ing  the proper re la t ionship between time and distance.  

This 

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley Stat ion,  Hampton, V a . ,  August 25, 1965. 



APPENDIX A 

CALCULATION OF CONTACT COLLISION SPECIFIC RATES 

A water droplet  i n  a plasma i s  simply a s m a l l  f l oa t ing  spherical  probe. 
(For example, 

The electron current t o  a f loat ing probe under free-molecule con- 
The theory of plasma probes i s  discussed i n  many published works. 
see ref. 22. ) 
d i t ions  i s  nr2Gece exp(-no). However, f o r  a f loa t ing  probe t h e  value of 

n u = - -  i s  determined by the  magnitude of the  ion current, because the  net 
kT 

current t o  such a probe i s  zero. 

It would be easy t o  average over t he  thermal speed d i s t r ibu t ion  of the  
ions t o  obtain the  ion current, except t ha t  it i s  necessary t o  account f o r  t he  
e f f ec t  of t he  sheath on the  probe and f o r  the e f f ec t  of r e l a t ive  motion between 
probe and plasma. 

It i s  ins t ruc t ive  t o  begin by neglecting the  presence of t he  sheath and 
calculating t h e  electron and ion currents collected by a moving drop. 
lowing sketch i s  useful  f o r  visualizing the  relat ionships  between the  various 
ve loc i t i e s  involved. 
namely, they a r e  at r e s t  i n  the  primed system. 
t rons  and ions i s  t h e  same as the  mass motion of t he  gas. 
t h i s  veloci ty  i s  u i  = u i  - ug, where u i  and U;; are t h e  gas and water drop- 

l e t  ve loc i t ies ,  respectively, r e l a t ive  t o  the vehicle surface. I n  the  unprimed 
system, t h e  thermal ve loc i t ies  of the  electrons ( o r  ions)  are uniformly dis- 
t r i bu ted  i n  d i rec t ion  but not i n  magnitude. 

The fo l -  

A l l  t he  drops a re  assumed t o  have the  same velocity;  
The mean veloci ty  of t he  elec- 

Relative t o  a drop, 

I” I Y  

X’ 

Z’ ’Z 

The probabi l i ty  t h a t  t he  end of the  vector f a l l s  i n  the  element of 
volume u$ s i n  8 de djb due i s  

17 
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where ge(ue) i s  t h e  normalized Maxwellian d i s t r ibu t ion  function which 
describes t h e  density i n  velocity space of t h e  points  where 
minate. The normalization constant Je i s  defined by 

$e vectors ter-  

and the  velocity parameter ae i s  defined by 

*e ae = - 
2kT 

- 
The relocity-averaged spec i f ic  r a t e  u ' k  f o r  e lectrons can be wri t ten as 

where ge(u&8') i s  the  normalized non-Maxwellian d i s t r ibu t ion  function f o r  
t h e  density i n  veloci ty  space of terminal points  of 2; vectors.  

I n  the primed system, ge(Ue) becomes 

where 

be = ( ~ 4 ) ; "  + (U;) 2 

For an electron moving i n  t h e  e l e c t r i c  f i e l d  around a charged drop, 

18 - 
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Since i s  independent of 8 '  and @', t he  d i s t r ibu t ion  function 

ge(u;,B') can be integrated over 8 '  and $'  t o  give 

The normalized non-Maxwellian d is t r ibu t ion  function f o r  u; i s  

I This equation can a l s o  be wr i t ten  as 

i where 

a; = 

The velocity-averaged value of ("'%)e is 

where 

Evaluation of t h i s  i n t eg ra l  y ie lds  
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The velocity-averaged value of ( u I Q ~ ) ~  i s  

where 

a i  = a,(u;) 2 

20 
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APPENDIX A 
Evaluation of t h i s  i n t eg ra l  y ie lds  

(~l$d)~ = (flrGi)Fi 

where 

The functions Fe = Fe(Ue) and F i  = F i ( U i )  a r e  shown i n  f igure 1. Some 

usefu l  l i m i t i n g  forms of t h e  expressions for  Fe and F i  a r e  given i n  the  f o l -  
lowing t a b l e  where 

4u2 exp - - K = -  1 
2 Y t  

and 

fl 2u L = - er f  - 
4u fi 

TABLE I11 

LIMITING FORMS OF Fe and F i  

The condition n = 0 corresponds t o  no charge on t h e  drop. It has been 
shown i n  reference 15 t h a t  zero charge on pa r t i c l e s  ( s o l i d  or  l i qu id )  can occur 
only under exceptional circumstances, f o r  which thermionic emission and t h e  
e lec t ron  and ion f luxes balance each other with no charge on t h e  pa r t i c l e .  The 
condition Ue >> 1 corresponds t o  values of u i  which a r e  far too large t o  be 
of p r a c t i c a l  i n t e r e s t .  

21 
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For a l l  the remaining conditions Fe = exp(-nu), j u s t  as it i s  f o r  a 

probe at rest. For U i  << 1, the  function F i  can be iz te rpre tzd  as an 
enhancement of t h e  geometrical drop cross sect ion fir2 by the  f ac to r  1 + nu. 
However, a s  U i  increases t o  values which are la rge  compared with unity, 
m2Fi  approaches fir%i instead of fir2. It i s  more usefu l  t o  consider F i  
t o  be an enhancement fac tor  f o r  t he  product fir%i. A s  f igure  1 shows F i  
sometimes has a minimum value near U i  = 1, but it always tends t o  become la rge  
and independent of n f o r  U i  >> 1. 

The development of a sheath i s  necessary i f  the surface of the  probe i s  t o  
be at  a d i f fe ren t  po ten t i a l  from the  plasma, but i t s  presence causes t h e  inf lu-  
ence of the e l e c t r i c  f i e l d  around t h e  probe t o  be e f fec t ive ly  l imited t o  a dis- 
tance f r o m  t h e  probe surface of t he  order of the Debye length 

r + h~ < r IT, 1 + - t h e  ion col lect ion rate w i l l  be reduced from 

m-%i(Ki  + Linu) t o  fi (r + hD)2GiKi. 

h,. Thus, i f  

It is  useful t o  consider t h e  following expressions f o r  t h e  ion col lect ion 

ra te :  I f  AD << r, t h e  condition 1 + - holds, and the ion col- 

l e c t i o n  rate  i s  f i r%iKi .  
t i v e  cross sect ion of t he  drop f o r  contact co l l i s ion  with ions i s  the  same as 

The sheath has negl igible  thickness; thus, t h e  effec- 

i f  there  were no sheath. If AD >> r, t h e  condition 1 + 
holds and the ion col lect ion r a t e  i s  f i r % i ( K i  + Linu). 
f o r  t h e  RAM B2 conditions, where 
p = 235, the value of K i  + Linu 

Figure 1 shows tha t ,  

U i  
l i e s  within t h e  l i m i t s  3.80 t o  4.87. 

does not exceed about 3 and where 
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DIFFERENTIAL EQUATIONS FOR CHARGING PROCESS 

Under the  assumptions used i n  the  derivation of equations ( 3 )  and (4), t he  
only way i n  which electrons and ions can recombine i s  by col lect ion of pos i t ive  
and negative charges on t h e  surfaces of drops of radius r, upon which they 
neutral ize  each other.  Conservation of charge requires t h a t  

c i  - ce = nc P ( B 1 )  

By t r ea t ing  
as 

cp as a constant, equations ( 3 ) ,  (k ) ,  and ( B l )  can be rewrit ten 

T ~ C ~  + ce = o (B2) 

Tefi + n = -(. ci - 2) 
P C 

where 

-1 
Te = kr2cpUi exp(-nojJ 

Equation (a) i s  not an independent d i f f e r e n t i a l  equation; it i s  simply a ' corol lary equation which states exp l i c i t l y  the var ia t ion  of t h e  charge on the  
drops. 

Since p >> 1, T~ << T~ i n  the  i n i t i a l  pa r t  of t h e  charging process, 
which begins with n = 0 a t  t = 0. It can be seen from equations (B2)  t o  
( B 4 )  t h a t  fi i s  i n i t i a l l y  posi t ive and tha t  it decreases u n t i l  = 0, a t  
which point T ~ C ~  = ~~c~ and n has the  value nl, where nl i s  t h e  solut ion 
of t h e  transcendental  equation 
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If n c << ceO, then cil = cel = ceO, and equation (B5) becomes 1 P  

Equation (B6) can a l so  be obtained by se t t i ng  -re = 71, which means tha t ,  
i f  
when n approaches i t s  peak value: 

n c << ceO, equations (B2) t o  (B4) approach t h e  following asymptotic forms I P  

+;e + ce = o (B7) 

where + x -re x -ri. 

- It can be seen from equation (Bl) and the  condition Teci - -rice t h a t  T i  

must always be l a rge r  than 
nlcp << ceO. The subsequent decrease i n  n i s  slow compared with t h e  decreases 

i n  C e  and C i .  This condition i s  due t o  t h e  f a c t  t h a t  ce and c i  are 
nearly equal and a r e  decreasing a t  nearly the  same rate. 
n = n2 = Constant, as long as equation (B6) holds. The values of -re and 71 

diverge slowly as decreases, and equations (B7) t o  (B9) are not va l id  when 
c i  decreases enough t o  make ncp no longer negl igible  compared with c i .  How- 
ever, t h e  decrease i n  n i s  s t i l l  slow. The ef fec t  of a shor te r  time constant 
f o r  t h e  decay of ce i s  compensated by t h e  e f f ec t  of C e  being smaller than 
ci;  thus, approximate equal i ty  i s  maintained between 5, and &i. 

-re, even though they are nearly equal when 

I n  fac t ,  

n 

These equations describe t h e  e f f ec t s  of adding drople t s  t o  an over-ionized 
There i s  an i n i t i a l  rapid rise of negative charge on t h e  drops t o  a plasma. 

value which never exceeds t h e  value -n2e and which, i n  general, i s  -rile. 
The charge on t h e  drops remains almost constant after it reaches the  peak value 
but does decrease slowly with time. 
unchanged during the  short  charging period and then decreases with time. 
sane i s  t rue f o r  t he  electron concentration, except t h a t  it i s  not always POS- 
s i b l e  t o  neglect t he  loss of t h e  electrons used t o  charge t h e  drops. 

The ion  concentration i s  p rac t i ca l ly  
The 

An additional r e s t r i c t i o n  on t h e  value of n i s  t h a t  it must not exceed 
nm, t h e  maximum number of e lectrons which t h e  drop can absorb without being 
disrupted by e l e c t r o s t a t i c  repulsion forces .  
n < nm 

It i s  shown i n  appendix D t h a t  
f o r  any physically rea l izable  water drop. 
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APPENDIX B 
Discussion of Special Forms of t h e  Rate Equations 

Except under special  circumstances, solutions of equations (B2) t o  (Bk) 
must be obtained by numerical integrat ion.  However, va l id  approximate forms of 
t h e  equations have been found f o r  t he  conditions of i n t e r e s t  i n  t h i s  report, and 
are designated as case I and case 11. 

Case I.- For case I, t h e  drop-charging process has negligible e f f ec t  on 
ce (nep << ceO and c i  = ceO, when n approaches n2). The d e t a i l s  of t h e  
charging process are immaterial since neither C e  nor c i  changes appreciably 
while t he  drop i s  charging. 
asymptotic forms given by equations (B7) t o  (B9) .  The i n i t i a l  conditions are 
at  t = 0, ce = c i  = ceO, and n = n2. When c i  decreases enough t o  assure  

t h a t  n c << c i  i s  no longer a good approximation, t h e  solution can be con- 

t inued with equations of t he  same form as those used i n  case 11. 

Therefore, equations (B2) t o  (Bk) approach t h e  

2 P  

Case 11.- For case 11, a correction i s  required f o r  e f fec t  on ce of drop- 

n1) - charging process ( tha t  is, 
The d e t a i l s  of t he  charging process a r e  uninteresting f o r  t h i s  case also.  The 
remaining changes i n  c i ,  ce, and n are given by equations (B2) t o  (Bk) with 
the  i n i t i a l  conditions a t  t = 0, c i  = ceO, ce = ceO - nlcp, and n = n 

Since be = Ei a f t e r  n reaches the  value nl, a good approximate solut ion i s  
obtained by se t t i ng  

ncp = ceO and c i  = ceO when n approaches 

1' 

r i  = 0 so t h a t  equations (B2) t o  (&) become 

n = nl 

i s  violated.  nlCp = - These equations become inva l id  when the  condition 
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APPROXIMATE TREATMENT OF GAS DYNAMICS AND THERMODYNAMICS 

Conservation of mass along a stream tube requires t h a t  

and 

where it is assumed t h a t  stream tube area changes slowly enough t o  enable drop 
paths t o  follow the  flow stream tubes. 

Conservation of momentum along a stream tube requires t h a t  

By dropping t h e  pressure terms, t h i s  equation can be reduced t o  t h e  simple 
relat ionship 

The equation of motion f o r  a drop which i s  moving p a r a l l e l  t o  t he  direc- 
t i o n  of gas flow under conditions such t h a t  t h e  mean f r e e  path of a gas molecule 
i s  la rge  compared with t h e  drop diameter i s  

4 3 du; = fir 2 pg(ui  - u;) 2 - fir p u" - 3 WPdX 

where it i s  assumed t h a t  t he  drag coef f ic ien t  i s  equal t o  2. 

The approximate analysis  of water droplet  accelerat ion which i s  used i n  
t h i s  report i s  based on t h e  assumptions t h a t  pressure, density, and temperature 
i n  the  plasma do not change when water i s  added and t h a t  t h e  drops have con- 
s t an t  acceleration equal t o  t h e  i n i t i a l  accelerat ion u n t i l  t h e  drops are moving 
a t  the  same speed a s  the  plasma. Since, by equation (C2), t h e  force on a drop 
vanishes f o r  u'' = u" the  l i m i t i n g  value f o r  L$ and u i  i s  calculated from 
equation (Cl) t o  be 

Q P' 
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Figure 10 shows how t h e  velocity,  temperature, density, and distance t raveled 
by a drop computed by using the  approximations mentioned compare with t h e  same 
quant i t ies  obtained from t h e  machine program described i n  reference 21. 
machine computation was car r ied  out with a frozen-gas composition representa- 
t i v e  of t h e  f l i g h t  case instead of using an equilibrium gas composition as 
described i n  reference 21. 

The 

The machine computations included some of t he  same assumptions used i n  
t h i s  paper. For example, pressure was assumed t o  be constant along t h e  stream 
tube, drop s i ze  was taken t o  be uniform, and t h e  water w a s  assumed t o  be d is -  
t r i bu ted  uniformly i n  t h e  shock layer .  However, t h e  e f f ec t s  of heat t r a n s f e r  
and evaporation were calculated, and the  drag coeff ic ient  was determined as a 
function of l o c a l  Mach number and Reynolds number. 
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APPENDIX D 

DEMONSTMTION THAT n IS LFSS T" nm FOR 

ANY PHYSICALLY REALIZABLF: WATER DROP 

The m a x i m u m  charge t h a t  can be car r ied  by a l iqu id  drop without breaking 
up because of e l e c t r o s t a t i c  repulsion between i t s  p a r t s  can be found as follows: 
By def ini t ion,  t h e  coeff ic ient  of surface tension 7 i s  the  rate of increase 
of surface energy with surface area. 
be wri t ten f o r  a spherical  surface as 

I n  mathematical terms, t h i s  r e l a t ion  can 

dW - = 87nr 
d r  

The l imit ing condition f o r  s t a b i l i t y  of a spherical  surface when surface ten- 
s ion forces a re  opposed by e l e c t r i c a l  forces  i s  given by equating t h i s  expres- 
s ion t o  the rate of change of e l e c t r o s t a t i c  energy with radius.  The r e s u l t  i s  

From t h e  def in i t ion  of a 

h ~ , r k T  

e2 
n = na 

Thus, 

where 

On the  basis of t h i s  c r i te r ion ,  it i s  expected t h a t  for r 5 R, a water 
drop w i l l  break up before it acquires n e lec t ron  charges, but f o r  r > R, it 
w i l l  not.  The length R thus represents  a minimum radius  f o r  drops i n  the  
problem being considered. By using T = 26000 K, no = 4, and 
7 = 7 X 10-*N1n-~,  a typ ica l  value of 
Since t h e  diameter of a single water molecule i s  a l s o  of order 
s m a l l  calculated value of 
water w i l l  be s t ab le  against  disrupt ion by e l e c t r o s t a t i c  forces  under t h e  con- 
d i t i ons  of the problem under consideration. 

R i s  found t o  be of t h e  order of m. 
m, t h e  

R means t h a t  every physically rea l izable  drop of 
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Figure 1.- Variation of F with U. 
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(b) F f o r  e lec t rons .  

Figure 1.- Concluded. 
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Figure 2.- Variation of p with I@. 
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(a )  Alti tude,  4.78 x 10 4 m (157,000 f t ) .  

Figure 3 . -  Variation of A with r and p. h~ << r. 
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Figure 3 .  - Concluded. 
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(a) Altitude, 4.78 x lo4 m (157,000 ft). 

Figure 5.- Reduction of ce as a function of $ and I@. AD << r. 
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(b) Altitude, 6.40 x lo4 m (210,000 ft). 

Figure 5.- Concluded. 
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(a) Altitude, 4.78 x lo4 m (157,000 f t ) .  

Figure 6.- Reduction of ce as a function of $ and #. AD >> I'. 
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(b ) Altitude, 6.40 x lo4 m ( 210,000 ft ) . 
Figure 6.- Concluded. 
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(a )  Altitude, 4.78 x lo4  m (157,000 f t ) .  

Figure 7.- Mass flow r a t i o  as a function of required reduction i n  electron concentration. 
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Figure 7.- Concluded. 
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(a) Gas and drop velocities. 

Figure 10. - Comparison of velocity, distance, temperature, and density as computed 
Altitude, 4.78 x lo4 m (157,000 ft); fl = 0.5; 

by approximate method used in this report with values computed by using an eke- 
tronic data processing machine. 
r = 6.74 x 10-6 m. 
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(b) Distance of drop from in jec t ion  point.  

Figure 10.- Continued. 
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